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Abstract. Employing a phase space which includes the (Riemann-Liouville)
fractional derivative of curves evolving on real space, we develop a restricted
variational principle for Lagrangian systems yielding the so-called restricted
fractional Euler-Lagrange equations (both in the continuous and discrete set-
tings), which, as we show, are invariant under linear change of variables. This
principle relies on a particular restriction upon the admissible variation of the
curves. In the case of the half-derivative and mechanical Lagrangians, i.e.
kinetic minus potential energy, the restricted fractional Euler-Lagrange equa-
tions model a dissipative system in both directions of time, summing up to a
set of equations that is invariant under time reversal. Finally, we show that
the discrete equations are a meaningful discretisation of the continuous ones.
1. Introduction
Variational principles are powerful tools for the modelling and simulation of
mechanical systems. As it is well-known, the fulfilment of a variational principle
leads to the Euler-Lagrange equations of motion describing the dynamics of such
systems. On the other hand, a variational discretisation directly yields unified
numerical schemes with powerful structure-preserving properties. Using these vari-
ational or symplectic integrators (VIs, [10]) (integration schemes which themselves
satisfy a variational principle), the geometric structure is not destroyed and char-
acteristic properties of the dynamics are inherited by the discrete approximation
such as preservation of energy and momentum maps in the presence of symme-
tries. Continuous and discrete Lagrangian mechanics have been primarily used to
model and to simulate conservative systems, for which the excellent long-time en-
ergy behaviour of VIs is explained by the fact that the discrete solution is the exact
solution of a nearby Lagrangian system, which is a result obtained by backward
error analysis (BEA) techniques ([8]). However, because most classical processes
observed in the engineering world are non-conservative, it is important to be able
to apply the power of variational methods to these cases.
There have been several attempts to provide a general method of dealing with
non-conservative forces in classical mechanics ([12]; [7], pg. 21; [4]; [3, 9, 11]).
However, for all approaches in the literature, either the physical meaning of the
induced quantities is not physically menaningful or the proposed principles are not
purely variational in the ususal sense.
A promising purely variational approach was formulated in [12]: it is shown that
a simple system with linear damping can be modelled using a variational principle
Key words and phrases. Variational analysis, Mechanical systems, Lagrangian mechanics,
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involving fractional derivatives and a Euler-Lagrange equation of the form∑
α
(−1)α
dα
dtα
(
∂L
∂q(α)
)
= 0,
where α ∈ Q the set of rational numbers. Several definitions of a fractional deriva-
tive have been proposed (for an overview see e.g. [13] and [2]), among which we pick
Riemann-Liouville’s. Most importantly to mention is that the fractional derivative
of a function is not determined by the value of the function at a single value t, but
depends on the values over an entire interval.
While Riewe introduced fractional Euler-Lagrange equations for dissipative sys-
tems based on fractional Lagrangian functionals using left and right Riemann-
Liouville derivatives, Dα
−
and Dα+, it is shown in [5] that critical points of a frac-
tional Lagrangian functional and solutions of a dissipative equation are not equiva-
lent. The reason is that due to fractional integration by parts a mixing of left and
right fractional derivatives occurs and in general
D
1/2
−
D
1/2
+ x 6=
dx
dt
.
To overcome this problem, in [5] so called asymmetric fractional embeddings are in-
troduced. By artificially doubling the state space and by restricting the set of vari-
ations, fractional Euler-Lagrange equations are derived whose solutions are equiva-
lent to solutions of dissipative equations. However, the geometric structure of such
enlarged phase space is not provided and the meaning of the restricted variations
is not clear and apparently ad hoc chosen.
In this paper, we also consider an enlarged fractional phase space and clarify
its geometric structure in terms of vector spaces and bundle products (section 3).
We develop a restricted variational principle and obtain a sufficient condition for
the extremals providing the so-called restricted fractional Euler-Lagrange equations
(theorem 4.6) (see [2] for other approaches to obtain fractional Euler-Lagrange
equations). This suffcient condition relies on a restriction upon the admissible
variations, allowing different varied curves for the extra variables with the same
variations (definition 4.4). We show as well that the restricted fractional Euler-
Lagrange equations are invariant under linear change of variables (theorem 4.7).
In the α = 1/2 case and considering mechanical Lagrangins, i.e. kinetic minus
potential energy, the obtained equations describe a dissipative mechanical system,
whereas the dynamics of the extra variables can be interpreted as the resversed
time dynamics (corollary 4.8). As a whole, the system of equations is invariant
under time reversal. In section 5, we develop the discrete counterpart of the pre-
vious results. We obtain the restricted discrete fractional Euler-Lagrange equations
(theorem 5.3) and prove a new property for double discrete fractional derivatives
(lemma 5.4) which allows to derive a meaningful discretisation of the dissipative
mechanical equations in the α = 1/2 mechanical case.
2. Riemann-Liouville fractional derivatives
Let α ∈ [0, 1] ⊂ R and f : [a, b] ⊂ R → R a smooth function. The Riemann-
Liouville fractional derivatives are defined by
Dα
−
f(t) =
1
Γ(1− α)
d
dt
∫ t
a
(t− τ)−αf(τ)dτ, (1a)
Dα+f(t) = −
1
Γ(1− α)
d
dt
∫ b
t
(τ − t)−αf(τ)dτ, (1b)
for t ∈ [a,b], and Γ(z) the gamma function ([13]). As it is well-known, the fractional
derivatives are non-local operators: in the sequel − and + will denote the retarded
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and advanced cases, respectively. Let us consider two smooth functions f, g. The
fractional integration by parts rule is given by∫ b
a
f(t)Dασg(t)dt =
∫ b
a
(
Dα
−σf(t)
)
g(t)dt, (2)
where σ stands either for − or +. An important feature of fractional integrals is,
when α = 1/2:
D
1/2
−
D
1/2
−
f(t) =
d
dt
f(t), D
1/2
+ D
1/2
+ f(t) = −
d
dt
f(t). (3)
See [13] for more details. According to the above definitions, the fractional deriva-
tives are R-valued.
3. Fractional phase space
Consider a smooth curve γ : [a, b] ⊂ R→ Rd for d ∈ N. The local representation
of the curve is given by γ(t) = (x1(t), ..., xd(t)), t ∈ [a, b]. For the set of all smooth
curves C∞([a, b],Rd), let us define the fractional tangent vector of the curve γ by
means of the following application
Xασ : C
∞([a, b],Rd)→ Rd,
γ 7→ Xασ γ,
where the fractional tangent vector is defined by
Xασ γ := D
α
σγ(t) = (D
α
σx
1(t), ..., Dασx
d(t)), t ∈ [a, b].
In the sequel we shall omit the t-dependence in curves and fractional tangent vec-
tors.
Definition 3.1. We define the fractional tangent space of the curve γ as
V ασ R
d =
{
Xασ γ | for γ ∈ C
∞([a, b],Rd) , t ∈ [a, b]
}
.
Taking into account the vector structure of C∞([a, b],Rd), which is defined point-
wise for t ∈ [a, b], it is easy to prove that V ασ R
d is a d-dimensional vector space.
With these elements, we define the fractional tangent bundle for curves γ as
follows.
Definition 3.2. Define the fractional tangent bundle for γ and t ∈ [a, b] by
Tασ R
d =
{
(γ,Xασ γ) ∈ R
d × V ασ R
d | γ ∈ C∞([a, b],Rd)
}
.
Whe shall consider Rd as the base space and V ασ R
d the fiber. Denoting Vα(γ,σ) :=
(γ,Xασ γ) ∈ T
α
σ R
d its local representation is given by Vα(γ,σ) = (x
1, ..., xd, Dασx
1, ..
.., Dασx
d). The bundle projection τασ : T
α
σ R
d → Rd is locally given by
τασ (V
α
(γ,σ)) = (x
1, ..., xd).
According to this definition, we see that (τασ )
−1(Rd) = V ασ R
d. It is easy to see
that at each time t this leads to the local isomorphism Tασ R
d ∼= Rd × Rd. As it
is apparent, we have constructed the fractional tangent bundle in a similar way as
the usual tangent bundle TRd for curves in Rd ([1]).
Consider now two smooth curves γx, γy : [a, b] ⊂ R → R
d, forming the new
curve γ˜ : [a, b] ⊂ R → Rd × Rd by γ˜ = (γx, γy). Locally it is expressed by
γ˜ = (x1, ..., xd, y1, ..., yd).
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Definition 3.3. Define the double fractional tangent bundle for curves γ˜ and
t ∈ [a, b] by
TαRd = {
(
(γx, γy), (X
α
−
γx, X
α
+γy)
)
∈ (Rd × Rd)× (V α
−
Rd × V α+R
d)
such that γx, γy ∈ C
∞([a, b],Rd)},
where now Rd × Rd is the base space and V α
−
Rd × V α+R
d the fiber. Denoting
Vαγ˜ :=
(
(γx, γy), (X
α
−
γx, X
α
+γy)
)
∈ TαRd, its local representation is given by Vαγ˜ =
(xi, yi, Dα
−
xi, Dα+y
i), i = 1, ..., d; while the bundle projection τα : TαRd → Rd × Rd
is
τα(Vαγ˜ ) = (x, y).
From now on we shall drop the i superindex for sake of simplicity.
Remark 3.4. The vector structure of (τα)−1(Rd×Rd) = V α
−
Rd×V α+R
d follows di-
rectly from the vector structure of each V ασ R
d and its Cartesian product. Moreover,
we have that dim(V α
−
Rd × V α+R
d) = 2d. Locally we have the isomorphism
TαRd ∼= Tα
−
Rd × Tα+R
d ∼= Rd × Rd × Rd × Rd.
Analogously to definition 3.3, we can define the double tangent bundle by
TRd = {((γx, γy), (X−γx, X+γy)) ∈(R
d × Rd)× (V−R
d × V+R
d)
such that γx, γy ∈ C
∞([a, b],Rd)},
where now we are considering the usual tangent bundle of Rd instead of the frac-
tional one. For a curve γ ∈ C∞([a, b],Rd), a vector Xσγ ∈ VσR
d shall be defined
by its time derivative, i.e. Xσγ := γ˙. Defining Vγ˜ := ((γx, γy), (X−γx, X+γy)), we
have the local expression
Vγ˜ = (x, y, x˙, y˙).
The bundle projection is τ : TRd → Rd × Rd, τ(Vγ˜) = (x, y).
Remark 3.5. VσR
d and V−R
d × V+R
d are vector spaces. Moreover, locally
TRd ∼= T−R
d × T+R
d ∼= Rd × Rd × Rd × Rd.
In the forthcoming sections we are going to consider Lagrangian functions defined
on a particular phase space that we describe now.
Definition 3.6. Consider the double fractional tangent bundle TαRd and the double
tangent bundle TRd. We define the fractional phase space as the bundle product of
them over Rd × Rd, i.e.
TRd := TRd ⊗Rd×Rd T
αRd.
Thus, Vγ˜ := (γx, γy, X−γx, X+γy, X
α
−
γx, X
α
+γy) ∈ TR
d is locally described by
Vγ˜ = (x, y, x˙, y˙, D
α
−
x,Dα+y). (4)
The bundle projection T : TRd → Rd × Rd is defined by T(Vγ˜) = (x, y).
For more details on bundle products we refer to [1]. According to the previous
development, we conclude the following (the proofs are straightforward): the fiber
T−1(Rd×Rd) is a vector space with dimension 4d; and TRd is locally the Cartesian
product of 6 copies of Rd.
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4. Restricted continuous variational principle
Consider a smooth curve γ˜ = (γx, γy), for γx, γy ∈ C
∞([a, b],Rd) with fixed
endpoints xa = γx(a) = γy(b) and xb = γx(b) = γy(a) in R
d.
Definition 4.1. Define the path space by
C∞(xa, xb;R
d × Rd) = {γ˜ ∈ C∞([a, b],Rd × Rd) |γ˜(a) = (xa, xb), γ˜(b) = (xb, xa)}.
Definition 4.2. Given a curve γ˜ ∈ C∞(xa, xb;R
d × Rd), a varied curve is a map
Γ : R× [a, b]→ Rd × Rd,
Γ(ǫ, t) := γ˜(t) + ǫδγ˜(t)
for δγ˜ : [a, b]→ Rd×Rd a variation, which is smooth and defined such that δγ˜(a) =
δγ˜(b) = 0.
Remark 4.3. Note that we are establishing that γy(a) = xb and γy(b) = xa. This
will make sense afterwards since we shall interpret γy as γx for reversed time (see
Remark 4.9).
From definition 4.2 it follows that δγx(a) = δγy(b) = δγx(a) = δγy(b) = 0.
Locally
δx(a) = δy(a) = δx(b) = δy(b) = 0. (5)
The variations δγ˜ induce the map δ̂˜γ : [a, b] → TRd. Using coordinates (4) and
defintion 4.2, it follows that at each t ∈ [a, b]
δ̂˜γ = (δx, δy, δx˙, δy˙, Dα
−
x, Dα+y). (6)
Next, we define the set of restricted varied curves.
Definition 4.4. Define the set of restricted varied curves as Γη(ǫ, t) := γ˜(t)+ǫη(t),
where δγ˜ = η(t) = (δγx(t), δγx(t)). In other words, we impose δγx(t) = δγy(t) to
the variations, which locally is expressed by δx = δy.
Remark 4.5. Observe that under definition 4.4 we are allowing different varied
curves, i.e γ˜x 6= γ˜y, while restricting the variations, i.e. δγx = δγy.
Now, define a C2 Lagrangian function L : TRd → R and the action functional
A : C∞(xa, xb;R
d × Rd)→ R given by
A(γ˜) :=
∫ b
a
L(Vγ˜) dt. (7)
We have already all the ingredients to establish a restricted variational principle:
Theorem 4.6. A curve γ˜ : [a, b] → Rd × Rd, subject to restricted variations η(t)
in definition 4.4, is an extremal of the action A : C∞(xa, xb,R
d×Rd)→ R defined
in (7) if it satisfies the restricted fractional Euler-Lagrange equations:
∂L
∂xi
−
d
dt
(
∂L
∂x˙i
)
+Dα
−
(
∂L
∂Dα+y
i
)
= 0, (8a)
∂L
∂yi
−
d
dt
(
∂L
∂y˙i
)
+Dα+
(
∂L
∂Dα
−
xi
)
= 0, (8b)
for i = 1, ..., d.
Proof. To find the extremals of A for restricted varied curves Γη(ǫ, t) we impose
the usual critical condition, i.e. δA := ddǫA(Γη)
∣∣
ǫ=0
= 0. Using the expression (6)
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we obtain:
δA =
∫ b
a
〈∇L(Vγ˜), δ̂˜γ〉 dt = ∫ b
a
{∂L
∂x
δx+
∂L
∂x˙
δx˙+
∂L
∂Dα
−
x
Dα
−
δx
+
∂L
∂y
δx+
∂L
∂y˙
δx˙+
∂L
∂Dα+y
Dα+δx
}
dt
=
∫ b
a
{∂L
∂x
−
d
dt
(
∂L
∂x˙
)
+Dα+
(
∂L
∂Dα
−
x
)
+
∂L
∂y
−
d
dt
(
∂L
∂y˙
)
+Dα
−
(
∂L
∂Dα+y
)}
δx dt+
∂L
∂x˙
δx
∣∣∣b
a
+
∂L
∂y˙
δx
∣∣∣b
a
,
where in the second equality we have employed the constraints δx = δy, while in
the third equality we have used integration by parts with respect to the total and
fractional derivatives (2). According to the endpoint conditions (5), all the border
terms vanish leading to
δA =
∫ b
a
{∂L
∂x
−
d
dt
(
∂L
∂x˙
)
+Dα+
(
∂L
∂Dα
−
x
)
+
∂L
∂y
−
d
dt
(
∂L
∂y˙
)
+Dα
−
(
∂L
∂Dα+y
)}
δx dt
=
∫ b
a
{[∂L
∂x
−
d
dt
(
∂L
∂x˙
)
+Dα
−
(
∂L
∂Dα+y
)]
δx (9)
+
[∂L
∂y
−
d
dt
(
∂L
∂y˙
)
+Dα+
(
∂L
∂Dα
−
x
)]
δx
}
dt.
Finally, from this last expression of δA is easy to see that the restricted fractional
Euler-Lagrange equations (8) are a sufficient condition for δA = 0; and the claim
holds. 
As mentioned above, equations (8) are only sufficient conditions for the extremal
curves.
Theorem 4.7. The restricted fractional Euler-Lagrange equations (8) are invariant
under linear change of variables x = Λ z and y = Λ z˜, where Λ ∈ Md×d(R) is full
rank.
Proof. Since the fractional derivative operators (1) are linear (so are total time
derivatives), we have that
x˙ = Λ z˙, Dα
−
x = ΛDα
−
z,
y˙ = Λ ˙˜z, Dα+y = ΛD
α
+z˜.
Taking this into account and using the chain rule, it is easy to prove that δA in its
(9) form can be rewritten as
δA =
∫ b
a
{[∂L
∂z
−
d
dt
(
∂L
∂z
)
+Dα
−
(
∂L
∂Dα+z˜
)]
Λ−1δx
+
[∂L
∂z˜
−
d
dt
(
∂L
∂ ˙˜z
)
+Dα+
(
∂L
∂Dα
−
z
)]
Λ−1δx
}
dt,
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where we have used that Λ is full rank. Again δx is arbitrary, and therefore a
sufficient condition for the extremal curves is[∂L
∂z
−
d
dt
(
∂L
∂z˙
)
+Dα
−
(
∂L
∂Dα+z˜
)]
Λ−1 = 0,
[∂L
∂z˜
−
d
dt
(
∂L
∂ ˙˜z
)
+Dα+
(
∂L
∂Dα
−
z
)]
Λ−1 = 0.
Using again that Λ is full rank, we obtain the restricted fractional Euler-Lagrange
equations (8) in the new coordinates (z, z˜, z˙, ˙˜z,Dα
−
z,Dα+z˜) and the claim holds. 
Define now the Lagrangian L(x, y, x˙, y˙, Dα
−
x,Dα+y) by
L(x, y, x˙, y˙, Dα
−
x,Dα+y) := Lx(x, x˙) + Ly(y, y˙)− [[D
α
−
x,Dα+y]]R , (10)
where Lx : T−R
d → R and Ly : T+R
d → R are C2 functions, and [[·, ·]]
R
: V α
−
Rd ×
V α+R
d → R is a symmetric bilinear form defined by
[[Dα
−
x,Dα+y]]R := (D
α
−
x)TRDα+y, (11)
where R =diag(ρ1, ..., ρd) ∈ M
d×d(R+). With this new Lagrangian we obtain the
following corollary to theorem 4.6.
Corollary 4.8. If L is given by (10), α = 1/2 and Lx(x, x˙) =
1
2 x˙
TM x˙ − U(x),
Ly(y, y˙) =
1
2 y˙
TM y˙−U(y), where M =diag(m1, ...,md) ∈M
d×d(R+) and U : Rd →
R is a smooth function, then (8) are
M x¨+R x˙+∇U(x) = 0, (12a)
M y¨ −R y˙ +∇U(y) = 0. (12b)
Proof. The proof is straightforward after plugging (10) into (8),
∂Lx
∂x
−
d
dt
(
∂Lx
∂x˙
)
−Dα
−
Dα
−
x = 0
∂Ly
∂y
−
d
dt
(
∂Ly
∂y˙
)
−Dα+D
α
+y = 0.
Moreover, replacing the particular Lagrangians Lx, Ly in the claim and using (3)
when α = 1/2, we arrive at equations (12). 
Remark 4.9. We observe that if we interpret that γy(t) is γx(t) in reversed time,
i.e. γy(t) = γx(a+ b− t), the system of second order differential equations (12) is
invariant under time reversal, this is t→ a+ b− t.
Remark 4.10. Define as usual the total energy at time t E(t) := E(x, x˙) +
E(y, y˙) = 12 x˙
TM x˙+U(x)+ 12 y˙
TM y˙+U(y). One can check that ddt (E(t)− E(a+ b − t)) =
0 under the dynamics (12) and the assumption γy(t) = γx(a+b−t) . Consequently,
the quantity E(t)−E(a+ b− t) becomes an energy-related first integral of the dis-
sipative system (12).
Remark 4.11. As observed above, fractional derivatives are non-local. In particu-
lar, Dα+y(t) depends on “future” times in the interval (t, b]. This violates causality
of physical laws and therefore we would not be allowed to introduce such terms in
the action in order to obtain the dynamical equations of a given system. However,
the interpretation of y(t) as x(a + b − t) (Remark 4.9) helps overcome this issue,
since “future” becomes “past” in reversed time, and consequently Dα+y(t) respects
causality.
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5. Restricted discrete variational principle
Let us consider the increasing sequence of times {tk = hk | k = 0, ..., N} ⊂ R
where h is the fixed time step determined by h = (b−a)/N . Define a discrete curve
as a collection of points in Rd i.e. γd := {x0, x1, ..., xN−1, xN} = {xk}0:N ∈ R
(N+1)d.
As usual, we will consider these points as an approximation of the continuous curve
at time tk, namely xk ≃ x(tk). Given {zk}0:N (later on we shall particularise in
{xk}0:N and {yk}0:N ) define the following sequences:
{S zk}0:N−1 , S zk :=
zk + zk+1
2
, (13a)
{∆−zk}1:N , ∆−zk :=
zk − zk−1
h
, ∆−z0 := 0, (13b)
{∆+zk}0:N−1 , ∆+zk := −
zk+1 − zk
h
, (13c)
{
∆α
−
zk
}
0:N
, ∆α
−
zk :=
1
hα
k∑
n=0
αnzk−n, (13d)
{
∆α+zk
}
0:N
, ∆α+zk :=
1
hα
N−k∑
n=0
αnzk+n, (13e)
where
αn :=
−α (1 − α) (2− α) · · · (n− 1− α)
n!
; α0 := 1. (14)
Naturally, we shall consider ∆−xk (resp. ∆+yk) as an approximation of x˙(tk) (resp.
y˙(tk)) and ∆
α
−
xk (resp. ∆
α
+yk) as an approximation of D
α
−
x(tk) (resp. D
α
+y(tk)).
For more details on the approximation of fractional derivatives we refer to ([6],
Chapter 5).
Remark 5.1. We observe that (13d), (13e) are well-defined for k = 0 and k =
N . Namely, straightforward computations lead to ∆α
−
x0 = α0x0/h
α and ∆α+yN =
α0yN/h
α.
Given two sequences {Fk}0:N , {Gk}0:N , the discrete derivatives (13b), (13c), and
discrete fractional derivatives (13d), (13d), obey the following discrete integration
by parts relationships:
N−1∑
k=0
Fk(∆+Gk) =
N∑
k=1
(∆−Fk)Gk +
1
h
F0G0 −
1
h
FNGN ,
N−1∑
k=0
Fk(∆
α
+Gk) =
N∑
k=1
(∆α
−
Fk)Gk +
1
hα
F0G0 −
1
hα
FNGN .
See [6] for proofs. Define now the sets of discrete curves
Cxd =
{
γxd = {xk}0:N ∈ R
(N+1)d |x0 = xa, xN = xa
}
,
Cyd =
{
γyd = {yk}0:N ∈ R
(N+1)d | y0 = xb, yN = xa
}
,
and the action sum Ad : C
x
d × C
y
d → R,
Ad(γ
x
d , γ
y
d ) := h
N−1∑
k=0
L(S xk, S yk,∆−xk,∆+yk,∆
α
−
xk,∆
α
+yk), (15)
where we consider a Lagrangian function L : TRd → R as defined in section 4. We
observe that the evaluation of such a Lagrangian function at (S xk, S yk,∆−xk,∆+yk,
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∆α
−
xk,∆
α
+yk) for sequences (13) makes sense since TR
d ∼= Rd × Rd × Rd × Rd ×
Rd × Rd. We define now the variation of discrete curves.
Definition 5.2. Given a discrete curve γ˜d = (γ
x
d , γ
y
d ) ∈ C
x
d ×C
y
d , we define the set
of varied discrete curves by
Γxǫ := γ
x
d + ǫ δγ
x
d , Γ
y
ǫ := γ
y
d + ǫ δγ
y
d .
where δγxd := {δxk}0:N , δγ
y
d := {δyk}0:N are the discrete variations, defined such
that
δx0 = δxN = 0, δy0 = δyN = 0. (16)
We define the set of restricted varied discrete curves, by
Γx(ǫ,η) := γ
x
d + ǫ ηd, Γ
y
(ǫ,η) := γ
y
d + ǫ ηd,
where we establish ηd = δγ
x
d = δγ
y
d . Locally this means that δxk = δyk for k =
1, ..., N − 1.
In the following, we shall set
L(k) := L(S xk, S yk,∆−xk,∆+yk,∆
α
−
xk,∆
α
+yk)
for simplicity.
Theorem 5.3. A discrete curve γ˜d = (γ
x
d , γ
y
d) ∈ C
x
d × C
y
d , subject to restricted
discrete variations ηd in definition 5.2, is an extremal of the action sum Ad defined
in (15) if it satisfies the restricted discrete fractional Euler-Lagrange equations:
1
2
(D1L(k) +D1L(k − 1)) + ∆+D3L(k) + ∆
α
−
D6L(k) = 0, (17a)
1
2
(D2L(k) +D2L(k − 1)) + ∆−D4L(k) + ∆
α
+D5L(k) = 0, (17b)
for k = 1, ..., N−1. DmL :=
∂L
∂zi
m
, where zm is the m-th variable in (15), m=1,. . . ,6,
and i = 1, . . . , d.
Proof. The extremals will satisfy the condition δAd :=
d
dǫAd(Γ
x
(η,ǫ),Γ
y
(η,ǫ))
∣∣
ǫ=0
= 0.
δAd = h
N−1∑
k=0
{
D1L(k)S δxk +D2L(k)S δxk +D3L(k)∆−δxk
+D4L(k)∆+δxk +D5L(k)∆
α
−
δxk +D6L(k)∆
α
+δxk
}
where we have imposed the restricted variations δxk = δyk and have taken into
account that δ (S xk) = S δxk, δ(∆−xk) = ∆−δxk, δ(∆+xk) = ∆+δxk, δ(∆
α
−
xk) =
∆α
−
δxk, δ(∆
α
+xk) = ∆
α
+δxk according to (13) and (16). We display the treatment
of terms 1,3,5 (for terms 2,4,6 we use equivalent techniques).
N−1∑
k=0
D1L(k)S δxk =
N−1∑
k=0
1
2
D1L(k) (δxk + δxk+1)
=
N−1∑
k=1
1
2
(D1L(k) +D1L(k − 1)) δxk;
where in the second equality we have rearranged the summation index and taken
into account the endpoint conditions δx0 = δxN = 0.
N−1∑
k=0
D3L(k)∆−δxk =
N∑
k=1
D3L(k)∆−δxk
=
N−1∑
k=0
∆+D3L(k)δxk =
N−1∑
k=1
∆+D3L(k)δxk;
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in the first equality we have used δx0 = δxN = 0 and (13b), in the second equality
employed the discrete integration by parts and, in the third, δx0 = 0.
N−1∑
k=0
D5L(k)∆
α
−
δxk =
N∑
k=1
D5L(k)∆
α
−
δxk
=
N−1∑
k=0
∆α+D5L(k)δxk =
N−1∑
k=1
∆α+D5L(k)δxk;
in the first equality we have employed δx0 = δxN = 0, in the second used the
discrete fractional integration by parts, and in the third δx0 = 0. Gathering all
terms together and ordering them conveniently we arrive to
δAd = h
N−1∑
k=1
({1
2
(D1L(k) +D1L(k − 1))
+ ∆+D3L(k) + ∆
α
−
D6L(k)
}
δxk
+
{1
2
(D2L(k) +D2L(k − 1))
+ ∆−D4L(k) + ∆
α
+D5L(k)
}
δxk
)
.
Taking into account that δxk are arbitrary for k = 1, ..., N − 1 we observe that the
discrete fractional Euler-Lagrange equations (17) are sufficient conditions for the
extremal discrete curves. 
Let us consider the Lagrangian function (10) and Lx, Ly given in corollary 4.8,
i.e.
L(k) =
1
2
(∆−xk)
TM ∆−xk +
1
2
(∆+yk)
TM ∆+yk
− U(S xk)− U(S yk)− [[∆
α
−
xk,∆
α
+yk]]R .
(18)
Straightforward computations provide:
D1L(k) = −∇U(S xk), D3L(k) =M∆−xk, D5L(k) = −R∆
α
+yk,
D2L(k) = −∇U(S yk), D4L(k) = M∆+yk, D6L(k) = −R∆
α
−
xk.
Plugging these expressions into (17) we obtain
−
1
2
∇U(S xk)−
1
2
∇U(S xk−1) +M∆+∆−xk −R∆
α
−
∆α
−
xk = 0,
−
1
2
∇U(S yk)−
1
2
∇U(S yk−1) +M∆−∆+yk − R∆
α
+∆
α
+yk = 0,
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for k = 1, ..., N − 1. Employing (13), changing sings and reordering terms these
equations are
M
xk+1 − 2xk + xk−1
h2
+R
1
h2α
k∑
n=0
αn
k−n∑
p=0
αpxk−n−p (19a)
+
1
2
∇U
(
xk+1 + xk
2
)
+
1
2
∇U
(
xk + xk−1
2
)
= 0,
M
yk+1 − 2yk + yk−1
h2
+R
1
h2α
N−k∑
n=0
αn
N−k−n∑
p=0
αpyk+n+p (19b)
+
1
2
∇U
(
yk+1 + yk
2
)
+
1
2
∇U
(
yk + yk−1
2
)
= 0.
The following lemma will help interpret equations (19).
Lemma 5.4. For α = 1/2 and k = 1, ..., N − 1,
k∑
n=0
αn
k−n∑
p=0
αpxk−n−p = xk − xk−1.
Proof. According to (14) we have that α0 = 1 and α1 = −1/2 for α = 1/2, which
leads, after expanding the summations, to
k∑
n=0
αn
k−n∑
p=0
αpxk−n−p = xk − xk−1
+
k∑
n=2
2αnxk−n +
k∑
n=1
αn
k−n∑
p=1
αpxk−n−p.
The claim automatically holds for k = 1. For k ≥ 2, arranging the sum indices we
see that the previous expression can be rewritten as
k∑
n=0
αn
k−n∑
p=0
αpxk−n−p = xk − xk−1
+
r∑
s=2
βs0xk−s +
k−(r+1)∑
l=0
βr+1l xk−(r+1)−n (20)
+
k∑
n=r
αn
k−n∑
p=1
αpxk−n−p,
where for a fixed k we set r = k − 1 and
βjl = 2αl+j +
j−1∑
i=1
αiαl+j−i, (21)
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(it is apparent that j is not a power but a superindex). For a fixed k = k˜, (20)
acquires the form
k˜∑
n=0
αn
k˜−n∑
p=0
αpxk˜−n−p = xk˜ − xk˜−1
+ β20xk˜−2 + β
3
0xk˜−3 + · · ·+ β
k˜−2
0 x2 + β
k˜−1
0 x1 + β
k˜
0x0.
According to this, it is enough to prove that βj0 = 0 for any j, for which we proceed
by induction. From (21) and (14), it follows that β20 = 2α2 +α1α1, which vanishes
for α = 1/2. Taking this as the first induction step, it is enough to prove that
βj+10 = 0 assuming that β
j
0 = 0.
βj+10 = 2αj+1 +
j∑
i=1
αiαj+1−i = 2αj+1 +
r−1∑
i=1
αiαr−i
= 2αj+1 − 2αr + 2αr +
r−1∑
i=1
αiαr−i = 2αj+1 − 2αr = 0,
where we have set r = j + 1. Hence the claim follows. 
Using similar arguments, one can prove that
N−k∑
n=0
αn
N−k−n∑
p=0
αpyk+n+p = −(yk+1 − yk),
for k = 1, ..., N − 1. Therefore, in the case α = 1/2 we observe that (19) becomes
M
xk+1 − 2xk + xk−1
h2
+R
xk − xk−1
h
+
1
2
∇U
(
xk+1 + xk
2
)
+
1
2
∇U
(
xk + xk−1
2
)
= 0,
M
yk+1 − 2yk + yk−1
h2
−R
yk+1 − yk
h
+
1
2
∇U
(
yk+1 + yk
2
)
+
1
2
∇U
(
yk + yk−1
2
)
= 0.
These equations provide a classical midpoint rule variational integrator (see e.g. [10])
for the conservative part of equations (12), i.e. for kinetic and potential energy
terms, whereas the velocity-dependent damping term is approximated by backward
and forward difference operators for the equations in forward and backward time,
respectively. Equivalent equations may be obtained from the discretisation of the
Lagrange-d’Alembert principle (see [10, 11]). However, this principle implies equat-
ing the variaton of the action to the work done by the external forces, which is not
the point of our approach since we obtain such external forces from the restricted
variational principle.
6. Conclusions
In summary, we have obtained the so-called restricted fractional Euler-Lagrange
equations (both continuous and discrete) from a restricted variational principle
defined on a α−fractional phase space and curves evolving on real space. In the
case of α = 1/2 and mechanical Lagrangian functions, i.e. kinetic minus potential
energy, these equations model a dissipative mechanical system, and present time
symmetry and invariance under linear change of variables. As one could expect, the
discrete equations are a meaningful discretisation of the continuous ones, giving rise
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to the construction and application of variational integrators for non-conservative
mechanical systems.
This work establishes solid grounds for future developments. We are in position
to construct a canonical transformation providing meaningful fractional Hamilton
equations. Moreover, these Hamilton equations would facilitate the introduction of
controlled external forces and the development of a Fractional Pontryagin Maxi-
mum Principle leading to necessary optimality conditions for dissipative mechanical
systems. Needless to say, the numerical behaviour of the obtained schemes shall be
tested by means of proper implementations, as well as compared to state-of-the-art
numerical integrators for dissipative systems.
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